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ABSTRACT

Partially Observable Markov Decision Processes (POMDPs) are
useful tools to model environments where the full state cannot be
perceived by an agent. As such the agent needs to reason taking
into account the past observations and actions. However, simply
remembering the full history is generally intractable due to the
exponential growth in the history space. Keeping a probability
distribution that models the belief over what the true state is can
be used as a sufficient statistic of the history, but its computation
requires access to the model of the environment and is also in-
tractable. Current state-of-the-art algorithms use Recurrent Neural
Networks (RNNs) to compress the observation-action history aim-
ing to learn a sufficient statistic, but they lack guarantees of success
and can lead to sub-optimal policies. To overcome this, we propose
the Wasserstein Belief Updater (WBU), an RL algorithm that learns
a latent model of the POMDP and an approximation of the belief
update. Our approach comes with theoretical guarantees on the
quality of our approximation ensuring that our outputted beliefs
allow for learning the optimal value function.
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1 INTRODUCTION

The Partially Observable Markov Decision Process (POMDP) [39] is a
powerful framework for modeling decision-making in uncertain en-
vironments where the state is not fully observable. These problems
are a common occurrence in many real-world applications, such
as robotics [28], recommendation systems [42], and autonomous
vehicles [30]. In contrast to in a Markov Decision Process (MDP), in
a POMDP, the agent observes a noisy function of the state that does
not suffice as a signal to condition an optimal policy on. As such,
optimal policies need to take the entire action-observation history
into account. As the space of possible histories scales exponentially
in the length of the episode, using histories to condition policies
is generally intractable. An alternative to histories is the notion
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of belief, which is defined as a probability distribution over states
based on the agent’s history. The beliefs are a sufficient statistic
of the history for control and, when used as states, define a belief
MDP equivalent to the original POMDP [3]. While two closed-form
expressions to compute the belief exist — using the full history or
through the recursive belief update — they both require access to
a model of the environment. The computation is also in general
intractable, as it requires to integrate over the full state space and
therefore only applicable to smaller problems.

To overcome those challenges, current state-of-the-art algo-
rithms focus on compressing the observation-action history with
the help of Recurrent Neural Networks (RNNs) [21] in the hope of
learning a sufficient statistic. However, compressing the history
using RNNs can lead to loss of information, resulting in suboptimal
policies. To improve the likelihood of obtaining a sufficient statistic,
RNNSs can be combined with different techniques such as variational
inference, particle filtering, and regularization through the ability
to predict future observations [7, 17, 24]. However, none of these
techniques guarantee that the representation of histories induced by
RNNs is suitable to optimize the return.

In this paper, we propose Wasserstein Belief Updater (WBU), a
model-based reinforcement learning (RL) algorithm for POMDPs
that allows learning the belief space over the unobservable states.
Specifically, WBU learns an approximation of the belief update
rule through a (partially observable) latent space model whose be-
haviors (expressed as expected returns) are close to the original
model. Furthermore, we show that WBU is guaranteed to induce a
suitable representation of the history to optimize the return. WBU
is composed of three components that are learned in a round-robin
fashion: the model, the belief learner, and the policy (Fig. 1). As
action-observation histories are not enough to learn the full envi-
ronment model, we assume that the POMDP states can be accessed
during training. While this might seem restrictive at first sight, this
assumption is typically met in simulation-based training and can
also be applied in real-world settings, such as robotics or medical
trials, where additional sensors can be used during training in a
laboratory setting. In multi-agent RL, using additional information
during training is known as the Centralized Training with a Decen-
tralized Execution paradigm [35] from which we draw inspiration.

We learn the latent model of the POMDP via a Wasserstein auto-
encoded MDP (WAE-MDP) [12]. We then learn the belief update
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network (BUN) by minimizing the Wasserstein distance with the
exact belief update rule in the latent POMDP. To allow for com-
plex belief distributions we use Normalizing Flows [26]. Unlike the
current state-of-the-art algorithms, the beliefs are only optimized
towards accurately representing the current state distribution and
following the belief update rule. While we use a recursive network
in our belief update architecture we do not back-propagate through
time and therefore implement it as a simple feed forward network.
The policy is then learned on the latent belief space by using as
input a vector embedding the parameters of the belief (sub-beliefs).

Our contributions are two-fold. First, we present WBU, a novel
algorithm that approximates the belief update of a learned latent
environment from any POMDP, and allows the learning of a policy
conditioned on those beliefs. Second, we provide theoretical guar-
antees ensuring that our latent belief learner, on top of learning the
dynamics of the POMDP and replicating the belief update function,
outputs a belief encoding suitable for learning the value function.

This paper presents the theoretical results of our algorithm and
the preliminary results on small environments with a modified
belief update network that uses KL-divergence as a proxy for the
Wasserstein distance. In future work we plan to implement the
theoretical losses for the belief update network, test our algorithm
on a larger set of POMDP environments and carry out ablative
studies on the different components of our algorithm.

2 BACKGROUND
2.1 Probability Distributions

Notations. Let X be a complete and separable space and X(X)
be the set of all Borel subsets of X. We write A(X) for the set
of measures P defined on X and 8, € A(X) for the Dirac mea-
sure with impulse a € X, having the following properties: §, =
limg—o N (a, 62) where N(a, o) is the normal distribution with
mean a and variance 2; 84(A) = 1 if a € A and 64(A) = 0 other-
wise, for A € %(X); and fX da(x)f(x) dx = f(a) for any compactly
supported function f. Given another space Y, we use the standard
conditional probability notation P(- | y) for P: Y — A(X).

Discrepancy measures. Let P, Q € A(X), the divergence between
P and Q can be measured according to the following discrepancies:

o the Kullback-Leibler (KL) divergence, defined as
DgL(P,Q) = E, [log(P(x)/Q(x))] .
X~

o the solution of the optimal transport problem (OT), given by
We (P,Q) = infien(p,) Ex,y~a ¢(x,y), which is the mini-
mum cost of changing P into Q [40], where c: XXX — [0, 00)
is a cost function and A(P, Q) is the set of all couplings of P
and Q. If ¢ is equal to a distance metric d over X, then W
is the Wasserstein distance between the two distributions.

e the total variation distance (TV), defined as dry (P,Q) =
SUpges(x) [P(A) —Q(A)|. If X is equipped with the discrete
metric 1, TV coincides with the Wasserstein measure.

2.2 Decision Making under Uncertainty

Markov Decision Processes (MDPs) are tuples M = (S, A, P, R,
s1, ¥y where S is a set of states; A, a set of actions; P: SXA — A(S),
a probability transition function that maps the current state and
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action to a distribution over the next states; R: S X A — R, a
reward function; s; € S, the initial state; and y € [0, 1) a discount
factor. We refer to MDPs with continuous state or action spaces as
continuous MDPs. In that case, we assume S and A are complete
separable metric spaces equipped with a Borel o-algebra. An agent
interacting in M produces trajectories, i.e., sequences of states and
actions (s,.7, ap.r—1) Where sy = sy and sy41 ~ P(- | sz, az) fort < T.
Policies and probability measure. A (stationary) policy 7: S —
A(A) prescribes which action to choose at each step of the interac-
tion. Any policy 7 and M induce a unique probability measure ]P’,/y(
on the Borel o-algebra over (measurable) infinite trajectories [37].
The typical goal of an RL agent is to learn a policy that maximizes
the expected return, given by E,/,M [Z;’io ¥ R(se, at)], by interact-
ing with M. We drop the superscript when the context is clear.
Partial Observability. A partially observable Markov decision pro-
cess (POMDP) [39] is a tuple P = (M, Q, O) where M is an MDP
with state space S and action space A; Q is a set of observations; and
O: SxA — A(Q) is an observation function that defines the distri-
bution of possible observations that may occur when the MDP M
transitions to a state upon the execution of a particular action. An
agent interacting in # actually interacts in M, but without directly
observing the states of M: instead, the agent perceives observations,
which yields histories, i.e., sequences of actions and observations
{@g.r-1, 01.7) that can be associated to an (unobservable) trajectory
(So:rs Gor—1) in M, where or41 ~ O(- | st41,a¢) forall t < T.
Beliefs. Unlike in MDPs, stationary policies that are based solely
on the current observation of # do not induce any probability space
on trajectories of M. Intuitively, due to the partial observability
of the current state s; € S at each interaction step ¢t > 0, the
the agent must take into account full histories in order to infer
the distribution of rewards accumulated up to the current time
step ¢, and make an informed decision on its next action a; € A.
Alternatively, the agent can maintain a belief b; € A(S) = B over
the current state of M [43]. Given the next observation o441, the
next belief by41 is computed according to the belief update function
7: BXA X Q — B, where 7(by, ar, 04+1) = by iff the belief over
any next state s;+1 € S has for density

Es,~b, P(st+1 | st.a1) - O(0p+1 | s+1,ar)

Es,~b, Es’~P(~|s,,a,) O(ot+1 | 8", ar)

bri1(st+1) = (1)

Each belief b;41 constructed this way is a sufficient statistic
for the history (ag., 01..+1) to optimize the return [38]. We write
(@045 01:041) = 7(+, a1, 0¢41) © -+ 0 7(531, (10,01) = by41 for the re-
cursive application of 7 along the history. The belief update rule
derived from 7 allows to formulate P as a continuous! belief MDP
Mg = (B, A, Pg, Rg, b, y), where

Pg(b/|b,a): E E

E ) A (b
b ~P(s.a) o'~OC s a) T4 *)

is the transition function in the belief space, Rz (b, a) = B, R(s, a)
is the reward function based on the current belief; and by = J,
the initial belief state. As for all MDPs, Mg as well as any sta-
tionary policy for Mg — thus conditioned on beliefs — induce
a well-defined probability space over trajectories of Mg, which
enable the optimization of the expected return in # [3].

leven if S is finite, there is an infinite, uncountable number of measures in A(S) = B.
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Figure 1: High-level picture of our Wasserstein Belief Updater framework. The WAE-MDP component is presented in Sect. 3,
and the Latent Belief Learner is presented in Sect. 4. The learning of the different components happens in a round-robin fashion.
The WAE-MDP learns from data collected by the RL agent and stored in a Replay Buffer. The Latent Belief Learner uses the
latent transition function Py and observation decoder 5g of the WAE-MDP to learn an approximation of the belief update rule.
The RL agent learns a policy conditioned on the resulting sub-belief f;, i.e., the parameters of the latent belief by.

2.3 Latent Space Modeling

In the following, we write fp: X — Y to denote a neural network
f parameterized by 0, mapping inputs from X to outputs in Y.

Latent MDPs. Given the original (continuous or very large, pos-
sibly unknown) environment M, a latent space model is another
(tractable, explicit) MDP M= (§ AP, ﬁ s1,y) with state space
linked to the original one via a state embedding function: ¢: S — S.

Wasserstein Auto-encoded MDPs (WAE-MDPs) [11] are latent
space models that are trained based on the optimal transport from
trajectory distributions, resulting from the execution of the RL
agent policy in the real environment M, to that reconstructed
from the latent model M. The optimization process relies on a
temperature A € [0, 1) that controls the continuity of the latent
space learned, the zero-temperature corresponding to a discrete
latent state space. This procedure guarantees /\_/19 to be probably
approximately bisimilarly close [12, 16, 27] to M as A — 0:in a
nutshell, bisimulation metrics imply the closeness of the two models
in terms of probability measures and expected return [13, 14].
Specifically, a WAE-MDP learns the following components:

¢,ZS—>§,
f’g:EXﬂHA(E),
ﬁg:gxﬂ—ﬂ& and
Yo: S — S;

a state embedding function
a latent transition function
a latent reward function

a state decoder

the latter allowing to reconstruct original states from latent states.
The objective function of WAE-MDPs — derived from the OT —
incorporates local losses [15] that minimize the expected distance
between the original and latent reward and transition functions:

k= B_[R(.0)-Ro(u(s).0)]
D

s,a~

Ip= E_Wi(4PClsa Pl aha) @
D

s,a~

where D € A(S x A) is the distribution of experiences gathered
by the RL agent when it interacts with M, ¢,P(- | s, a) is the distri-
bution of transitioning to s’ ~ P(- | s, a), then embedding it to the
latent space 5 = ¢,(s’), and d is a metric on S.

3 LEARNING THE DYNAMICS

An RL agent does not have explicit access to the environment
dynamics. Instead, it can reinforce its behaviors through its in-
teractions and experiences without having direct access to the
environment transition, reward, and observation functions. In this
setting, the agent is assumed to operate within a partially observ-
able environment. The key of our approach lies in granting the RL
agent access to the true state of the environment during its training,
while its perception of the environment is only limited to actions and
observations when the learned policy is finally deployed. Therefore,
when the RL agent interacts in a POMDP £ = (M, Q,0) with
underlying MDP M = (S, A, P, R, 51, v), we leverage this access to
allow the agent to learn the dynamics of the environment, i.e., those
of M, as well as those related to the observation function O. To do
so, we make the agent learn an internal, explicit representation of
the experiences gathered, through a latent space model. The trick
to getting the agent learn this latent space model is to reason on an
equivalent POMDP, where the underlying MDP is refined to encode
all the crucial dynamics. We further demonstrate that the resulting
model is guaranteed to closely replicate the original environment
behavior when the agent interacts with it.

3.1 The Latent POMDP Encoding

We enable learning the dynamics of # through a WAE-MDP by
considering the POMDP P = (MQ, Q, OT>, where

(1) the underlying MDP is refined to encode the observations in
its state space, defined as Mg = (Sq, A, PQ,‘RQ,s;‘, Y) so
that Sg = S X (QU { % }); x is a special observation sym-
bol indicating that no observation has been perceived yet;
Pq(s’,0" | s,0,a) =P(s" | s,a)-O(0o’ | s’,a); Ra({s,0),a) =
R(s,a); and s} = (s1, %).
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(2) the observation function O': Sg — Q is now deterministic
and defined as the projection of the refined state on the
observation space, with OT({s, 0)) = o.

The POMDPs P and P! are equivalent [6]: P captures the stochas-
tic dynamics of the observations in the transition function through
the refinement of the state space, further resulting in a deterministic
observation function, only dependent on refined states.

Henceforth, the goal is to learn a latent space model /\_/Ig =

(S, A, Py, Ry, s1) linked to Mg via the embedding ¢,: Sq —

S, and we achieve this via the WAE-MDP framework. Not only
does the latter allow for the learning of the observation dynamics
through Py, but it also enables the learning of the deterministic ob-
servation function O through the use of the state decoder 1/, by de-
composing the latter in two networks lﬁg : S —> Sand Ol) 'S > Q,
which yield 4 (5) = (#5 (5), O}(5)). This way, the WAE-MDP pro-
cedure learns all the components of P1, being equivalent to . With
this model, we construct a latent POMDP 7_)9 = (/\_/[9, Q, (_)g), where
the observation function outputs a normal distribution centered in
OQ: 59( [s)=N (0; (5), o). Note that the deterministic function
is retrieved as the variance approaches zero. However, it is worth
mentioning that the smoothness of Oy is favorable for gradient
descent when learning distributions, unlike Dirac measures (see
Eq. 3 below). As with any POMDP, the belief update function 7 of
P allows to reason on the belief space to optimize the expected
return. Formally, at any time step ¢t > 0 of the interaction with
latent belief b; € A(S) = B, the latent belief update is given by
I;t+1 = ‘I'(Et, at, 0¢+1) when ay is executed and o441 is observed iff,
for any next state s;4+1 € S,

E;, 5, Po(St41 | St.ar) - O(ors1 | $r41)

b+1(St+1) = = -,
e BB ([5,a) Q0l0r1 15)

Latent policies. Given any history h € (A - Q)*, executing a latent
policy 7: B — A(A) in P is enabled by processing h through
the latent space, to obtain a belief 7% (h) = b over S and execute
the action prescribed by 7(- | b). Training My gives access to the
dynamics that compute the belief through the closed form of the
updater 7 (Eq. 3). However, the integration over the full latent space
remains computationally intractable.

As a solution, we propose to leverage the access to the dynamics
of My to learn a latent belief encoder ¢,: B x A XS — B that
approximates the belief update function via some discrepancy D:

min D(z" (), ¢; (b)) 4)

for h € (A - Q)* drawn from some distribution. The belief en-
coder ¢, thus enables to learn a policy 7 conditioned on latent
beliefs to optimize the return in P: given the current history h,
the next action to play is given by a ~ (- | ¢} (h)).

Two main questions arise: “Does the latent POMDP induced by
our WAE-MDP encoding yields a model whose behaviors are close
to P?" and “Is the history representation induced by ¢, suitable to
optimize the expected return in P ?". Clearly, the guarantees that
can be obtained through this approach depend on the history dis-
tribution and the discrepancy chosen. We dedicate the rest of this
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section to answering those questions through a rigorous theoretical
discussion on the distribution and losses required to obtain such
learning guarantees.

3.2 Losses and Theoretical Guarantees

We start by formally defining the process allowing to draw experi-
ences from the interaction and the related history distribution.

Episodic RL process. The RL procedure is episodic if the envi-
ronment P embeds a special reset state sreset € S so that (i) under
any policy 7, the environment is almost surely eventually reset:
IP’,/ZV‘({ Soc0s Ao | It > 0,87 = Sreset }) = 1; (il) when reset, the en-
vironment transitions to the initial state: P(sy | sreset, @) > 0 and
P(S \ {1, Sreset } | Sreset> @) = 0 for all a € A; and (iii) the reset state
is observable: there is an observation o* € Q so that O(o* | s, a) =
0 when s’ # syeset, and O( | sreset, @) = Jox for a € A. An episode
is a history (ay.r_,, 01.7) where O(o1 | s7,a0) > 0 and o = 0*.

AssUMPTION 3.1. The environment P is an episodic process.

LEMMA 3.2. There is a well defined probability distribution Hyz €
A((A - Q)*) over histories likely to be perceived at the limit by the
agent when it interacts with P, by executing 7.

Proor skETCH. Build a history unfolding as the MDP whose state
space consists of all histories, and keeps track of the current history
of P at any time of the interaction. The resulting MDP remains
episodic since it is equivalent to #: the former mimics the behav-
iors of the latter under 7. All episodic processes are ergodic [23],
which guarantees the existence of such a distribution. The complete
proof including the details of this construction and the equivalence
relation between the unfolding and # is in Appendix A. O

Local losses. For the sake of clarity, we reformulate the local losses
(Eq. 2) to align with the fact that the experiences come from a
distribution that generates histories instead of state-action pairs,
and the states processed by the WAE-MDP are those of Mgq:

s,0,a~

k= B, ‘R(s, a) — Ro($(s,0), a)‘

Ip= E_ Wi(dPal |50 (s0.0) ©)
s,0,a~Hz

where s, 0,a ~ Hj is a shorthand for (i) h ~ H; so that o is the last

observation of h, (ii) s ~ 7*(h), and (iii) a ~ 7(- | ¢} (h)).

In practice, the ability of observing states during learning enables
the optimization of those local losses without the need of explic-
itly storing histories. Instead, we simply store transitions of Mg
encountered while executing 7. We also introduce an observation
loss in addition to the reconstruction loss that allows learning 59:

Lo =

s,0,a~Hz s'~P(-|s,a)

drv(O(-15',a), Oy(-14u(s0")| (©

E
0'~0(-|s',a)
Intuitively, Ly provides a way to gauge the variation between the
latent state reconstruction using O; and the actual observation

generation process, allowing us to set the variance of Og.
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Belief Losses. Setting D as the Wassertein between the true latent
belief update and our belief encoder leads to the following loss:

L= B Wy(F (.0l (0) @

In addition, we argue that the following reward and transition regu-
larizers are required to bound the gap between the fully observable
model My and the partially observable one Py:

= B, . E \Rew,(s 0).0) - Ro 5. a)
= E B Wy (Pl 1 41(5.0).0.P9( 150) ()

P h,s,0,a~Hz s~@; (h)

The two aim at regularizing ¢, and minimize the gap between
the rewards (resp. transition probabilities) that are expected when
drawing states from the current belief compared to those actually
observed. Again, the ability to observe states during training allows
the optimization of those losses. Intuitively, the belief loss and the
related two regularizers can be optimized on-policy, i.e., coupled
with the optimization of 7 that is used to generate the episodes.

Value difference bounds. We provide guarantees suited for par-
tial observability, concerning the agent behaviors in P, when the
policies are conditioned on latent beliefs. To do so, we formalize the
behaviors of the agent through value functions. For a specific policy
7, the value of a history is the expected return that would result
from continuing to follow the policy from the latest point reached
in that history: V. (h) = E,/:/lg [ (h] [292, v - Ra(br,ar)], where
Mg [7*(h)] is is the belief MDP of # obtained by changing the
initial belief state by 7* (h). Similarly, we write \_/ﬁ for the values of

the latent policy 7 in Py. The following two Theorems state that,
when the local and belief losses are all minimized and go to zero,

(1) the agent behaviors are the same in the original and latent
POMDPs when the former executes a latent policy by using
our belief encoder ¢, to maintain a latent belief from the
interaction; and

(2) any pair of histories whose belief representation induced by
¢, are close also have close optimal behaviors.

While (1) guarantees the “average equivalence” of the two models
and justifies the usage of P as model of the environment, (2) shows

that ¢, induces a suitable representation of the history to optimize
the expected return.

THEOREM 3.3. Assume that the WAE-MDP is at the zero-temperature
limit (i.e., A — 0) and let R = SUp; 4 |R(S, a)l, Ky = 7?(/1—;/, then

for any latent policy 7: B — A(A), the values of P and Py are
guaranteed to be bounded by those losses in average:

E [V_(h)
H:

~ M

-V_(h)| <

LR+L%+§*L5+}/K\7 : (LP+L§+L;+L0)

9
- ©)

THEOREM 3.4. Let T* be the optimal policy of the POMDP P g, then
for any couple of histories hy, hy € (A - Q)* mapped to latent beliefs
through ¢ (h1) = b1 and ¢;(h2) = by, the belief representation

ALA ’23, May 29-30, 2023, London, UK, https://alaworkshop2023.github.io/
induced by ¢, yields:
Voo (hy) = Vo (h)| < KW (bl, bz) +

—%
L +1%+ (K\—,+R )L;+yK\7 : (LP+L§+L0)

1-y
(H ) +HZ () 10)
when the WAE-MDP temperature A goes to zero.

Notice that the right-hand side of Eq. 9 and Eq. 10 are both only
composed of constants multiplied by the losses, which are null as
the losses go to zero. We prove those claims in Appendix B.

4 LEARNING TO BELIEVE

In this section, we assume that we have access to the latent model
learned by the WAE-MDP. The goal of the belief updater is to com-
pute the belief states of the “behaviorally equivalent” (Thm. 3.3)
latent POMDP P so that an RL agent can learn to optimize a latent
policy based on those latent beliefs, guaranteed to be a suitable
representation of the histories for optimizing the return (Thm. 3.4).
The rest of this section is composed as follows: first we analyze
the belief update rule 7, second we explain our belief encoder ar-
chitecture and our design choices, third we describe our training
procedure, and last we explain how the agent learns its policy.

b P(s'|5.a) Es,..;, P(5 | 5. @)

Ml

5

9(0141 | 5) bri1

ML

Figure 2: The Belief Update rule: a) transformation of the

]E\[N[,, (5| 5,a1)

current belief b; with the transition probability function P,
evaluated on the current action a;, into the next state proba-
bility density; b) filtering out the next states that could not
have produced the next observation o0;4.

The belief update rule. The belief update rule 7 (Eq. 3) outlines
how to update the current belief based on the current action and
the next observation. As shown in Fig. 2, the update rule is divided
into two steps. First, the current belief distribution I_)t is used to
marginalise the latent transition function Pg over the believed latent
states, to further infer the distribution over the possible next states.
This first part corresponds to looking at the different states that can
be reached from the states that have a non-zero probability based
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Figure 3: The Belief A2C agent; the trick to make the agent
learn a policy conditioned on latent belief distributions is to
condition them on sub-beliefs in place, i.e., the parameters f;
of each belief distribution. We therefore define a sub-belief
encoder ¢:*®(Bt, ar, 01+1) = Pr+1 which generates the next sub-
belief, and a MAF M, (f;41) = 5,4.1 is then used to retrieve
the latent belief b, linked to the parameters f;.1. The red
arrows represent the flow of the belief loss gradients, and
the green arrows the flow of the A2C loss gradients. Both
gradients do not back-propagate through time.

on the latent belief. Second, the next observation o041 is used to
filter the previous density based on the observation probability. It
is worth noting that the latent model is learned from P7, whose
observation function is deterministic. Without modelling the latent
observation function Oy as a normal distribution, the second part
of the belief update would need to eliminate all next states with
different observations — which is not gradient descent friendly. The
third operation (not present in Fig. 2) normalizes the output of the
observation filtering to obtain a probability density.

Architecture. Since our method generalizes to any POMDP, we do
not make any assumption about the belief distribution. This means
that we cannot assume, for example, that the belief is a multi-modal
normal distribution. To accommodate complex belief distributions,
we use Masked Auto-Regressive Flows (MAF) [36], a type of nor-
malizing flow built on the auto-regressive property. Precisely, to
accommodate with the WAE-MDP framework and leverage the
guarantees presented in Sect. 3.2, we use the MAF presented in [11]
that learns multivariate, latent, relaxed distributions which become
discrete (binary) in the zero-temperature limit of the WAE-MDP.

We define the sub-belief as the vector that embed the parameters
of the belief distribution, the MAF allowing the transformation of
sub-beliefs into beliefs. The sub-belief functions similarly to the
hidden states in an RNN as it is updated recursively. However, as
we do not allow gradients to back-propagate through time (BPTT),
we use a simple feed-forward network instead of a GRU or LSTM
[10, 22]. This choice is motivated by the difference between the
nature of the RNN hidden states in the partially observable version
of A2C [32] (R-A2C), and sub-beliefs.

On the one hand, the goal of the RNN hidden states is to compress
the history into a fixed sized vector that can be used to compute
the policy and value that maximize returns. As the policy and
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Figure 4: The RNN A2C agent uses back-propagation through
time (BPTT): the RNN leverages gradients from future time
steps to improve its compression of the history for learning
a policy and value function. The colored arrows represent
the flow of the A2C loss across time.

values of time steps closer to the end of an episode are easier to
learn, the gradients of future time steps tend to be more accurate.
Therefore, using the gradients of future time steps with BPTT helps
the learning.

On the other hand, the sub-belief is the vector embedding the
parameters of any latent belief generated from our belief encoder,
which is regularized to follow the belief update rule. Since beliefs of
earlier time steps are easier to compute as the history is smaller, gra-
dients from future time steps tend to be of worse quality compared
to the current one. Therefore, disabling BPTT effectively improves
the quality of the update to learn the sub-beliefs. Allowing gradients
from the belief loss of future time steps to flow would negatively
impact learning, as it would lead to an accumulation of errors in
the update of the sub-belief. Fig. 3 and 4 outline the differences
between both methods and the way the RL gradients flow.

Training. We aim to train the sub-belief encoder and the MAF to
approximate the update rule by minimizing the Wasserstein Dis-
tance between the belief update rule 7 of the latent POMDP, and
our belief encoder ¢, (Eq. 7) to leverage the theoretical learning
guarantees of Thm. 3.3 and 3.4. However, Wasserstein optimization
is known to be challenging, often requiring the use of additional
networks, Lipschitz constraints, and a min-max optimization proce-
dure (e.g., [2]), similar to the WAE-MDP training procedure. Also,
sampling from both distributions is necessary for the Wasserstein
optimization and, while sampling from our belief approximation
is straightforward, sampling from the update rule (Eq. 3) is a non-
trivial task. Monte Carlo Markov Chain [1] techniques such as
Metropolis-Hastings [9] could be considered, but accessing a func-
tion proportional to the density is not possible as the expectation
would need to be approximated.

As an alternative to the Wasserstein optimization, we minimize
the KL divergence between the two distributions. KL is easier to op-
timize and only requires sampling from one of the two distributions
(in our case, the belief encoder). However, unlike the Wasserstein
distance, guarantees can only be derived when the divergence ap-
proaches zero. Nonetheless, in the WAE-MDP zero-temperature
limit, KL bounds Wasserstein by the Pinsker’s inequality [5, 12].

On-policy KL divergence. Using Dy, as a proxy for the Wassertein
distance allows to close the gap between 7 and ¢, while optimizing

the policy; at any time step t > 0, given the current belief by, the
action a; played by the agent, and the next perceived observation


https://alaworkshop2023.github.io/

Wasserstein Belief Updater

0r+1, the belief proxy loss is given by
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The divergence is composed of 4 terms, the first one corresponds to
the negative entropy of ¢,, the second term ensures that the belief
update follows the state transition function of the latent MDP, the
third term filters out the latent states which are not associated with
the observation o441, and the fourth one is a normalizing factor.
We minimize the KL divergence Dk, by gradient descent on the
Monte-Carlo estimate of the divergence:

VIDKL((pl (I_Jt, ar, 0t+1) [ %(l;t, at,0t+1)) =

\ E
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Notice that the fourth term of this KL divergence does not depends
on ¢, and therefore yields a gradient of zero.

We train the belief-updater with on-policy data. Using data from
the replay buffer to train the belief updater, as is done in DRQN,
would require sampling full trajectories as the belief representation
may change after multiple updates. Additionally, training the policy
and belief updater on the same samples can facilitate learning, even
though gradients are not allowed to flow between the networks.

Learning the policy is enabled by feeding the sub-belief vector
as input of the former. As mentioned earlier, we do not allow the
RL agent to optimize the parameters of the belief encoder. In our
experiments, we use A2C as on-policy algorithm but our method
can be applied to any on-policy algorithm.

5 EXPERIMENTS

We evaluate the performance of our algorithm on a subset of the
POPGym environments [33], which were designed to test different
features required for generalization to various POMDPs. These fea-
tures include short-term memory for control and long-term memory
capacity. Our algorithm is tested on two distinct environments:

® Repeat Previous: the first environment tests the agent’s ability
to maintain and retrieve long-term memory. At the start of
each episode, two decks of cards are shuffled and the agent
is presented with a card at each time-step. The goal is for the
agent to identify the suit of the card it saw 8 time steps earlier.
The episode continues until there are no more cards in the
deck. The agent receives a positive for every correct card
and a negative reward otherwise. The rewards are scaled so
that the maximum return is 1.

o Stateless Cart-Pole: the second environment challenges the
agent to control a cart that can move left or right on a rail,
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Figure 5: Comparison of the evolution of the un-discounted
cumulative return between WBU, R-A2C and DVRL. For both
environment the maximum return is 1

while maintaining the attached pole within a specific angle
range. The system state is comprised of the cart position and
velocity, as well as the pole angular position and velocity. In
the partially observable version, the velocity components are
hidden, requiring the agent to rely on its short-term memory
to estimate them. The agent receives a positive reward for
every time step, and the maximum return is 1.

We compare the performance of WBU in those two environments
with R-A2C and DVRL [24], an algorithm based on R-A2C that uses
a Variational Auto-Encoder and particle filtering to maintain some
belief distribution. We train 5 instances of each algorithm for 1
million time steps using 16 parallel environments.

In the Repeat Previous environment (Fig. 5 top), WBU is the only
algorithm out of the three that can memorize almost perfectly the
8 last cards and output the suit of the 8th card. While after 400k
environmental steps, WBU already obtains positive return, which
corresponds to getting half of the cards correct, R-A2C only starts
to slowly improve over its initial return of —0.5 after 600k timestep
to reach less than —0.3 at the end of the learning. DVRL on the other
hand does not seem to learn anything as its returns do not evolve.
This first experiment showcases the capacity of our algorithm to
remember previous observations and retrieve them when needed.
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Figure 6: Evolution of the belief loss during learning in the
two environments. While the belief loss is a divergence and
should therefore be positive its Monte Carlo approximation
can be negative as it is the case in the Repeat Previous exper-
iment.

In the stateless version of Cart-Pole, the RNN of R-A2C can learn
relatively fast how to estimate the velocities of both the cart and
the pole as it manages to score more than 0.5 in returns after only
100k steps. WBU and R-A2C present a similar learning curve, with
the exception that at the end of the learning, WBU is able to catch
up with R-A2C performance, while DVRL appears to plateau. This
experiment shows that WBU can leverage short-term memory for
control.

The evolution of the belief loss of WBU for the two environments
is presented in Figure 6. For both environments, the belief loss is
decreasing and converges. We note an increase in belief loss at the
beginning of the learning. This is because we learn the model in
parallel.

To summarize, these environments provide a rigorous test of
WBU’s ability to generalize to various partially observable problems
and demonstrate its capability to learn and effectively utilize a belief
state representation.

6 RELATED WORK

POMDPs pose a significant challenge to RL due to the loss of the
Markovian property — the next observation distribution do not only
depend on the current state, but on the entire action-observation
history. As a consequence, this history need be considered to derive
an optimal policy, making it essential to obtain a sufficient statistic
such as belief states [25]. Most deep-RL methods use RNNs to
compress the action-observation history into a fixed-size vector
[21] and apply regularization techniques to improve the likelihood
of obtaining a belief. These techniques include generative models [8,
19, 20], particle filtering [24, 31], and predicting distant observations
[17, 18]. However, most algorithms assume the beliefs to be simple
distributions of states, such as Gaussian distributions, limiting their
applicability [17, 20, 29]. We note that using Normalizing Flows for
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the belief distribution as been experienced in FORBES [8]. However,
FORBES does not condition its policy on the beliefs but rather on
sample latent states (which is known to be sub-optimal). Some
works also focus on specific types of POMDPs, such as building
compact latent representation of images for visual motor tasks
[29], or environment where the observation are masked states with
Gaussian noise [41]. Compared to those works, WBU’s beliefs are
not trained to help the learning but to follow the belief update rule.

While accessing the state is common in partially observable deep
multi-agent RL, and known as the centralized training decentralized
execution paradigm [4, 35], it is not a common practice in single-
agent RL with the exception of kernel-POMDPs [34] that uses the
states to build models based on RKHSs.

Finally, the works of [12, 15] study similar value difference
bounds to ours in the context of fully observable environments,
guaranteeing the quality of (i) the latent space model learned, and
(ii) the representation induced by ¢, for optimizing the returns. They
further link their bounds with bisimulation theory (e.g., [16, 27]):
in a nutshell, bisimulation define an equivalence relation between
models in terms of the behaviors induced when a a policy is exe-
cuted (in particular, the optimal policy). We defer as future work the
study of bisimulation metrics [13, 14] in the context of POMDPs.

7 CONCLUSION

Wasserstein Belief Updater provides a novel approach that approx-
imates directly belief update for POMDPs, in contrast to state-of-
the-art methods that uses the RL objective and regularization to
attempt to turn the history into a sufficient statistic. By learning
the belief and its update rule, we can provide strong guarantees on
the quality of the belief, its ability to condition the optimal value
function, and ultimately, the effectiveness of our algorithm. Our
theoretical analysis and experimental results on two environments
demonstrate the potential of our approach. While our current imple-
mentation uses the Kullback-Leibler divergence as a proxy for the
Wasserstein distance, we plan to improve our algorithm in future
work by incorporating the true Wasserstein distance and additional
theoretical losses (Eq. 6 and 8). We also aim to explore the use of
simulated trajectories for policy learning, which is theoretically
enabled through the model and representation quality guarantees
yielded by Thm 3.3 and 3.4, to evaluate our approach on a broader
range of environments, and carry ablative studies. Overall, our pro-
posed Wasserstein Belief-Updater algorithm provides a promising
new direction for RL in POMDPs, with potential applications in a
wide range of settings where decision-making is complicated by
uncertainty and partial observability.
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A PROOF OF LEMMA 3.2: STATIONARITY OVER HISTORIES
Let us restate the Lemma:

LEMMA A.1. Let P be an episodic POMDP with action space A and observation space Q (Assumption 3.1). There is a well defined probability
distribution Hz € A((A - Q)*) over histories drawn at the limit from the interaction of the RL agent with P, when it operates under a latent
policy 7 conditioned over the beliefs of a latent POMDP P, the latter sharing the action and observation spaces of P.

Therefore, we want to show the existence of a limiting distribution over histories, when a latent policy is executed. Before going further,
we formally introduce the notions of memory-based policies, Markov Chains, and limiting distributions in Markov Chains.

A.1 Preliminaries

Definition A.2 (Memory-based policies). Given an MDP M = (S, A,P, R, s1,y), a memory-based policy for M is a policy that can be
encoded as a stochastic Mealy machine & = <Q, s Ty, q1>, where Q is a set of memory states; 75 : S X Q — A(A) is the next action function;
T SX QXA XS — A(Q) is the memory update function; and gy is the initial memory state.

Example 1 (Stationary policy). A stationary policy 7 can be encoded as any Mealy machine 7 with memory space Q where |Q| = 1.

Example 2 (Latent policy). Let P = (M, Q, O) with underlying MDP M = (S, A, P, R, s1, ) and the latent space model P with initial state
$1 be the POMDPs of Lemma A.1. Then, any latent (stationary) policy 77: 8 — A(A) conditioned on the belief space B of P can be executed
in the belief MDP My of P via the Mealy machine 7’ = (8B, 7, Ty, 05, ), keeping track in its memory of the current latent belief b € B. This
enables the agent to take its decisions solely based on the latter: 7,(- | b, I_J) =7(- | I_)) When the belief MDP transitions to the next belief b’,
the memory is then updated according to the observation dynamics:

Es~b Es'~P(-|s,a) Eo'~O(-|5",a) 5%(5’“,0,) (1_7,) . 5.[(17’“’0/) (b")

ifb” # & and

reset’

7u(b" | bb,ab’) =
a Es~b B ~P(-|s,a) Bo'~O(-|s",a) Oz (b.a,0) (b))
Tu(- | b, b, a, Osreset) = 05, otherwise (to fulfil the episodic constraint),

reset

where ¢, is the belief encoder, learned to replicate the latent belief update function. Note that 77, is simply obtained by applying the usual condi-
tional probability rule: 7, (l;’ | b,b,a, b’) = Pr(b/jf'lbj,a)/Pr(b’|b,13,a), where Pr(b’, b’ | b,b, a) = Eg~p Bs'~P(-|s,0) Bo'~O(-|s",a) 5¢,(E,a,o’) (5') .

8¢ (b,a,0) (P’) and Pr(b' | b, b, a) =Pg(b’ | b, a) since the next original belief state is independent of the current latent belief state.

Definition A.3 (Markov Chain). A Markov Chain (MC) is an MDP whose action space a consists of a singleton, i.e., |[A| = 1. Any MDP
M =(S,A,P,R,s1,y) and memory-based policy 7 = <Q, Tots Ty, q1> induces a Markov Chain M”™ = (8 X Q, P, Ry, (s1.q1) . v), where:

o the state space consists of the product of the original state space and the memory of r;
e the transition function embeds the next action and the policy update functions from the policy, i.e.,

P,,(<s',q'> | (s,9)) Jr,,(q’ |s.qas’)-P(s" | s a), and

= E
a~1q (-15.q)
o the rewards are averaged over the possible actions produced by the next action function, i.e., Rz ({s,9)) = Eq-r,(-|s,q) R(s ).

Furthermore, the probability measure IP’,/,W is actually the unique probability measure defined over the measurable infinite trajectories of the
MC M’ [37].

We now formally define the distribution over states encountered at the limit when an agent operates in an MDP under a given policy, as
well as the existence conditions of such a distribution.

Definition A.4 (Bottom strongly connected components and limiting distributions). Let M be an MDP with state space M and 7 be a
policy for M. Write M [s] for the MDP where we change the initial state s; of M by s € S. The distribution &, : S — A(S) with
EL(s"|s) = IP’,/;A [s] ({ S00s @00 | ¢ = 8" }) is the distribution giving the probability for the agent of being in each state of M [s] after exactly ¢
steps. The subset B C S is a strongly connected component (SCC) of M if for any pair of states s,s” € B, &,.(s” | s) > 0 for some ¢t € N. It is a
bottom SCC (BSCC) if (i) B is a maximal SCC, and (ii) for each s € B, P;(B | s) = 1. The unique stationary distribution of B is £, € A(B),
defined as & (s) = Esg, Pr(s | $) = limr—eo % ZtT:o & (s |sy) for any s; € B. An MDP M is ergodic under the policy 7 if the state space
of M7 consists of a unique aperiodic BSCC. In that case, £ = lim/—e &5 (- | 5) forall s € S.

To provide such a stationary distribution over histories, we define a history unfolding MDP, where the state space keeps track of the
current history of £ during the interaction. We then show that this history MDP is equivalent to  under 7.
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A.2 History Unfolding
Let us define the history unfolding MDP My, which consists of the tuple (S, A, Py, Ry, *, y), where:

o the state space consists of all the possible histories (i.e., sequence of actions and observations) that can be encountered in P, i.e.,
Sy = (A - Q)" U {*, hreset }, which additionally embeds a special symbol % indicating that no observation has been perceived yet (cf.
the definition of Mg in Sect. 3.1) with 7% (%) = Js,, as well as a special reset state hreset;

o the transition function maps the current history to the belief space to infer the distribution over the next possible observations, i.e.,

and

Py (h | ha) = Sheaor (1) if % (h) # &

E E E h
s~t*(h) s’~P(-|s,a) o'~O(-|s",a)
Py (h' | b a) = Py (8s, oo | Fsrocers @) * On h') + Py (85, | 8s,eeers @) - O (R) otherwise,

reset’

reset (

where h - a - 0 is the concatenation of a, o’ with the history h = (ay.r_;, 01.7), resulting in the history {ay.r, 0;.741) so that ar = a and
or4+1 = 0’; and

o the reward function maps the history to the belief space as well, which enables to infer the expected rewards obtained in the states
over the this belief, i.e., Ry (h, a) = Eg.»(n) R(s, a).

We now aim at showing that, under the latent policy 77, the POMDP # and the MDP My, are equivalent. More formally, we are looking
for an equivalence relation between two probabilistic models, so that the latter induce the same behaviors, or in other words, the same
expected return. We formalize this equivalence relation as a stochastic bisimulation between Mg (that we know being an MDP formulation

of ) and My.
Definition A.5 (Bisimulation). Let M = (S, A,P, R, sy, y) be an MDP. A stochastic bisimulation = on M is a behavioral equivalence
between states s1, so € S so that, s; = sy iff

(1) R(s1,a) = R(s2,a), and
(2) P(T | s1,a0) =P(T | 52, 0),

for each action a € A and equivalence class T € S/=. Properties of bisimulation include trajectory equivalence and the equality of their
optimal expected return [16, 27]. The relation can be extended to compare two MDPs by considering the disjoint union of their state space.

LEMMA A.6. Let P be the POMDP of Lemma A.1, and : B — A(A) be a latent policy conditioned on the beliefs of a latent space model of
P. Define the stationary policy 7*: Sy — A(A) for My as 7*(- | h) = 7(- | ¢} (h)), and the memory-based policy 7° for My encoded by the

Mealy machine detailed in Example 2. Then, M,’;’: and M(’ZO are in stochastic bisimulation.

Proor. First, note that the MC Mz’;f<> is defined as the tuple <B X 1_3, P50, Ryo, <b1, I;1> , y> so that

Py (b0 | bb) = E  7u(b’ | bbab’) -Pe(b'|b,
TIN5l 85e) 10
- (W;? ” E s/~P](E\s,a) ouoI(E- o 5% (E,o,a) (b’) “S¢(bo,a) (b7), and
Rzo(b,b)= E B R(s a). (cf. Definition A.3)
a~7!(-|l;)s~b

Define the relation =3} as the set { (h, (b, 5)) | 7(h) = band ¢; (h) = b} C Sy x B x B. We show that 337, is a bisimulation relation
between the states of M;’? and Mgo, Leth € Sy, b € B,and b € B so that h 37, (b 1_7):

(1) Rzs (h) = Eq~z(-|g: (b)) Bs~r*(n) R(s,a) = E ) Egp R(s,a) = Rz (b,);

a~71'(- b
(2) Each equivalence class T € (S,H X B X Z_B) /=3, consists of histories sharing the same belief and latent beliefs. Since 7*: Sy — 8 and

o Sy — B are surjective, each equivalence class T can be associated to a single belief and latent belief pair. Concretely, let b’ € B,
b € B, an equivalence class of 37, has the form T = [(b’, I_J’)] L so that

P
(a) the projection of [(b’, I;’)]jT on Sy is the set { h € Sy | 7*(h) = b and ¢; (h) = b}, and
P

(b) the projection of [(b’, l_J’)] L on the state space of Mgo is merely the pair (b’, b).
P
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Therefore,
_ ’ g
Pﬂ*([(b b >]% |h)
=/ _ E E E E  Spaol(h)dh
||, a~FCloi (W) s~ ¢ ~B(1s.a) 0'~O(-Is'.a)
So
= E E E E  Spao(B) S iuy (b)) - Sy iy (b)) dR’ by definition of |{b’, 5’
/s(H a0y sty P sy -0t e ) O ) ) s ) oy [ >]3;,)

= E E E E  So(naon(b) S haon |t
a7 (|9} (h)) s~ (h) s'~P(-|s.a) o/ ~O(.|",a) o) (V) Sgihaor ()

E E E E & A7) -5 - b ince h 37 (b, b
a~(-p) 50 ¢ P Cls@ 0/ ~OC 1) c(oae () 4’1(1”“’0’)( ) fsince B 35, {.5)

=P~ (b’, b | b, 13)

:PEO([@',E')LTI | b, 5)

@

By 1 and 2, we have that My and M3 are in bisimulation under the equivalence relation 37 , when the policies 7* and 7° are respectively
executed in the two models. O

CoRrOLLARY A.7. The agent behaviors, formulated through the expected return, that are obtained by executing the policies respectively in the
two models are the same: E%\TH [Z20 7" - Ry(ags,010)| = EEAZ(B (220 7" - Re(br,ar)].

Proor. Follows directly from [16, 27]: the bisimulation relation implies the equivalence of the optimal policies in the two models, i.e., the
maximum expected returns are the same in the two models. Since we consider MCs and not MDPs, the models are purely stochastic, and the
behavior equality follows. O

Note that we omitted the super script of 7* in the main text; we directly considered 7 as a policy conditioned over histories, by using the
exact same definition.

A.3 Existence of a Stationary Distribution over Histories

Now that we have proven that the history unfolding is equivalent to the belief MDP, we thus now have all the ingredients to prove Lemma A.1.
ProOF. By definition of My, the execution of 7* is guaranteed to remain an episodic process. Every episodic process is ergodic (see

[23]), there is thus a unique stationary distribution Hzs = lim;—c0 §7ﬁr4 (+ | %) defined over the state space of MZ* | which actually consists of

histories of  when the latter operates under 7, or equivalently, the execution of the MC M,’;TO. O

B VALUE DIFFERENCE BOUND

Let us restate Theorem 3.3:

THEOREM B.1. Let P, Py, and 7: B — A(A) be respectively the original and the latent POMDP, as well as the latent policy of Lemma A.1,
so that the latent POMDP is learned through a WAE-MDP, via the minimization of the local losses Lg, Lp of Eq. 5. Assume that the WAE-MDP is
at the zero-temperature limit (i.e, A — 0) and let K; = 1R leo/1-y, then for any such latent policy 7, the values of P and Py are guaranteed to
be bounded by the local losses in average:

L + 1% +R Ly +yKg - (Lp+Lg+L;+L0)

E |V-(h)-V.(h)| < (11)
h~Hz

1-y
Before going further, let us formally define the value function of any POMDP.

B.1 Value Functions
We start by formally defining the value function of any MDP.

Definition B.2 (Value function). Let M = (S, A,P, R, s, y) be an MDP, and r be a policy for M. Write M[s] for the MDP obtained by
replacing s; by s € S. Then, the value of the state s € S is defined as the expected return obtained from that state by running 7, i.e.,
V() = E,/:A Ls] [Z;’io yt - R(sg, at)]. Let M”™ = (S, Pr, Ry, s1, y) be the Markov Chain induced by 7 (cf. Definition A.3). Then, the value
function can be defined as the unique fixed point of the Bellman’s equations [37]: V;(s) = R (s) + E¢~p,,(s) [y -V, (s')] . The typical goal
of an RL agent is to learn a policy 7* that maximizes the value of the initial state of M: max = Vo (s7).
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PROPERTY B.3 (POMDP vALUES). We obtain the value function of any POMDP P = (M, Q, O) by considering the values obtained in its belief
MDP Mg = (B, A, Pg, Rg, by, y). Therefore, the value of any history h € (A - Q)* is obtained by mapping h to the belief space: let = be a policy
conditioned on the beliefs of P, then we write V. (h) for V. (z*(h)). Therefore, we have in particular for any latent policy 7: B8 — A(A):

V_(h) = E%\jﬁ[r*(m] lz vh Ry (by, at)} (cf. Lemma A.6 for 7° and 7*)
=0
= Egﬂ[h] [Z vh - Ry(hy, at)} (cf. Corollary A.7)
=0

= E Ry (h,a) + E v A (h’)]] (by Definition B.2)
a~7*(-|h) W ~Pg((-|h.a)

= E Ry (h,a) + E [y V- (h’)]] (by definition of 7*)
a~7(-|¢; (h)) h~Pq(-|h,a)

= _E E [R(s, A+ E E  [y-V-(h-a-0)]|. (by definition of My)
a~7(-|g; (h) s~7*(h) s'~P(-Is,a) o'~O(-|s’,a)

Similarly, we write \77? for the values of a latent POMDP P.

B.2 Warm Up: Some Wasserstein Properties
In the following, we elaborate on properties and definitions related to the Wasserstein metrics that will be useful to prove the main claim. In
particular, Wasserstein can be reformulated as the maximum mean discrepancy of 1-Lipschitz functions. The main trick to prove the claim is

to decay the temperature to the zero-limit, which makes the distance d metric associated with the latent state space converge to the discrete
metric 1x: X — { 1,0} [11], formally defined as 1 (x1,x2) = 1iff x; # x3.

Definition B.4 (Lipschitz continuity). Let X, Y be two measurable set and f: X — Y be a function mapping elements from X to Y. If
otherwise specified, we consider that f is real-valued function, i.e., Y = R. Assume that X is equipped with the metric d: X — [0, o).
Then, given a constant K > 0, we say that f is K-Lipschitz iff, for any x1,x2 € X, |f(x1) — f(x2)| < K - d(x1, x2). We write 7"dK for the set of
K-Lipschitz functions.

Definition B.5 (Wasserstein dual). The Kantorovich-Rubinstein duality [40] allows formulating the Wasserstein distance between P and Q
as Wy (P, Q) = supgegt [Ex~p f(x) = Ey~0 f(y)|.

PROPERTY B.6 (LIPSCHITZ CONSTANT). Let f: X — R, so that d is a metric on X. Assume that f is K-Lipschitz, i.e., f € ?;,K, then for any
two distributions P, Q € A(X), |Ex1~p f(x1) = Ex,~0 f(xz)\ <K-W,;(PQ).

In particular, for any bounded function g: X — Y with Y C R, when the distance metric associated with X is the discrete metric, i.e., d = 14,
we have |]Ex1~P g(x1) = Ex,~0 g(xg)l < Ky - Wi, (P,Q) = Ky - drv (P, Q), where Ky > sup,.c x |g(x)| (see, e.g., [15, Sect. 6] for a discussion,).

The latter property intuitively implies the emergence of the Kg; constant in the Theorem’s inequality: we know that the latent value

function is bounded by sups, ﬁe(ia)l/ 1-y, so given two distributions P, Q over S , the maximum mean discrepancy of the latent value function
is bounded by K - ‘W (P, Q) when the temperature goes to zero.
Finally, since the value difference is computed in expectation, we introduce the following useful property:

LEMMA B.7 (WASSERSTEIN IN EXPECTATION). Forany f: Y xX — R so that X is equipped with the metricd, consider the functiongy: X — R
defined as gy(x) = f(y,x). Assume that for anyy € Y, gy is K-Lipschitz, i.e., gy € 7‘;11( Then, let D € A(Y) be a distribution over Y and
P,Q € A(X) be two distributions over X, we have Ey~p |]Ex1Np f(y,x1) = Ex,~0 f (¥, x2)| <K-Wy(P,Q).

Proor. The proof is straightforward by construction of gy:

E
y~D

Epf(y, x1) — XZIEZQf(y,xz)

X1~

= E | E x1)— E X;
y~D‘x1~ng( 1) xszgy( 2)

< EZ) [K - Wy (P,Q)] (by Property B.6, since gy is K-Lipschitz)
y~

=K - Wy (P,Q)
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B.3 Value Difference Bounds: Time to Raise your Expectations

Proor. The plan of the proof is as follows:

(1) We exploit the fact that the value function can be defined as the fixed point of the Bellman’s equations;

(2) We repeatedly apply the triangular and the Jenson’s inequalities to end up with inequalities which highlight mean discrepancies for
either rewards or value functions;

(3) We exploit the fact that the temperature goes to zero to bound those discrepancies by Wasserstein (see Porperty B.6 and the related
discussion);

(4) The last two points allow highlighting the L; norm and Wasserstein terms in the local and belief losses;

(5) Finally, we set up the inequalities to obtain a discounted next value difference term, and we exploit the stationary property of Hz to
fall back on the original, discounted, absolute value difference term;

(6) Putting all together, we end up with an inequality only composed of constants, multiplied by losses that we aim at minimizing.

Concretely, the absolute value difference can be bounded by:

JE_ [V (h) - V)

= E E E [R(s, a)+y E E Vﬁ(h -a- o')] (see Property B.3)
h~Hz | s~t* (h) a~7(-|@; (h)) s'~P(-|s,a) o'~O(-|s’,a)
- E E Ro(5,a) +y E E \_/ﬁ(h-a-o')
$~7*(h) a~7(-|¢; (h)) §'~Po(-15,a) 0'~0g(+15)
< E E [ E R(sa)—- E Ry(Ga)
h~Hz a~7(-lp; (b)) | |s~7*(h) $~7*(h)
+y| E E E Vy(h-a-0o)- E E E \_/ﬁ(h ca-0’) (Triangular inequality)
s~1*(h) s'~P(-|s,a) o'~O(-|s',a) §~7*(h) §'~Py(-|5,a) 0'~0p(-15")

For the sake of clarity, we split the inequality in two parts.
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Part 1: Reward bounds

E R(sa)— E Ry a)
s~t*(h) s~7*(h)

E E
h~Hz a~7(-|o; (h))

= E _E E [R(s,a)—fe(¢,(s,o),a)]+ E E [ﬁg(qs,(s,o),a)-ﬁg(g,a)]
ho~Hz a~7(-|@; (h)) [s~7* (h) s~t*(h) $~7*(h)

(o0 is the last observation of h; the state embedding function ¢, that links the original and latent state spaces comes into play)

< E E E [R(s, a) — ﬁg(qﬁ,(s, 0), a)] +| E E [ﬁe(qﬁ,(s, 0),a) — ﬁ9(§, a)] (Triangular inequality)
ho~Hz a~7(-|@; (h)) | s~t*(h) s~t*(h) $~7*(h)

< E E R(s,a) - R E E |Ro(di(s,0),a) —Ro(, s i lit
ho e asr (ot () s~T | (s,a) = Rg(Pi(s,0), a)| + s [ o(Pi(s,0),a) o(s a)] } (Jensen’s inequality)

B[R0 ~Ro(g(s.000) +

B [Ro(4i(s.0).0) = Ro(5.0)]

E E E E
h0~'H a~7(-|o; (h))S~T (h) 0~‘H a~7(-|g; (h)) [s~7* (k) s~7* (h)

“Ix+ E B E E [ﬁg(gﬁ,(s, 0),a) - Ry 5, a)] (by definition of Lg, Eq. 5)

ho~Hz a~7 (- |p; (h)) |s~7* (h) $~T* (h)

=Lg+ E E E E E ||Ro(di(s.0).a) —Rg(51,0) |+ |Rg(51,a) — R (5,
R ho~t ar Cloi () s~r*<h>s’~%*<h>s’l~<a;*(h>“ o(45.01.0) = RofGs. 0| +[Ro61.0) - Roti.0|

(the belief encoder ¢, comes into play)

=Lg+ E E E E [7?9(¢,(s, 0),a) - Ry (5, a)] + E _E [739(5;, a) - Ry (5, a)]
ho~Hz a~7 (-|p; (h)) |s~7* (h) s~¢; (h) 5~7* (h) 5.~; (h)
<lg+ E _E B B [Re($i(s.0.0) ~RoG o[ +] ] |Ro(51.0) - Ro 5.0)|
ho~Hz a~7 (- |} (h)) | |s~7*(h) S~¢; (h) $~7* (h) sp(ﬂl (h)
(Triangular inequality)
<Lg+ BE E ‘Rg(gﬁ,(s 0),a) — Re(s a)‘ E [ﬁg(s}_, a) — ﬁg(s', a)] (Jensen’s inequality)
ho~Hz a~7(-|; (h)) | s~* (h) S~o; (h) §~T* (h) S.~e; (h)
g+ E B B B |Ro(G(s0.a)-RoGal+ E | B B ReGLa)-Ro(a)
ho~Hz a~7 (-|p; (h)) s~7* (h) 5~¢; (h) 0~W a~7 (-l (h) |5~7* (h) S~} (h)
=Lg+L%+ E E E E  Rp(5i,a) —Ry(S a) (by definition of L? | Eq. 8)
R ho~Hz a~7(-|¢; () |5~7* (h) $.~¢; (h) R
<Lg +L;% + I%_{ ﬁ*WJ (T*(h), ¢ (b)) (as A — 0, by Lem. B.7 and Prop. B.6)
h~Hz

=Lg +L;’%+7?*L;;

L =%
where we write R for

Rg”m = Sup§,a€§xﬂ |R9(5, a)|
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Part 2: Next value bounds

E E E V_(h-ao)- E E E V_(h-a-0)
s~7*(h) s'~P(-|s,a) 0'~O(:|s',a) $~7(h) ¥ ~Py(-15,a) 0'~Op (-15)

y- E _E
h~Hz a~7(-|g; (h))

= vy V_(h-a-0') - E \_/ﬂ(h-a-o')}

T —
0'~O0g (-1 (s",0"))

- B E E E E
h~Hy a~7 (Lo () | s~2* () S ~P(-ls,a) 0'~O (- |s',a)

+ E E E V_(h-a-¢')- E E E \_/”(h-mo’)}

s~t*(h) s’~P(-|s,a) o'~O(-|s",a) 6'~0p(-|¢,(s',0)) $~7*(h) §'~Py (- |5,a) 0/~56(,|§/)

(the state embedding function ¢, comes into play, as well as the latent observation function (_)9)

IA

Y- V-(h-a-0') - E \_l(h-a-é')}

T —
0'~0g(-1¢:(s",0"))

E E E E E [
h~Hz a~7(-|p; (b)) [s~7*(h) s'~P(-|s,a) 0'~O(-|s",a)

V-(h-a-0) E E E \_777(h~a-o')

T

+y =

$~7(h) §'~Py (-1$,a) 0'~0p (-|5)
(Triangular inequality)

- E E E E E E
h~Hz a~7 (- |p; () |s~7* (h) s'~P(-[5.a) 0'~O(-1"0) 5/~ B -1y (',0/))

V-(h-a-¢")

T

Vﬁ(h~a-o')—

vy E E E E E
h~Hz a~7 (- |@; (h)) |s~7* (h) s'~P(-|s,a) o'~O(-|s’,a)

_E
'~0¢ (-14.(s",0"))

Ty

- E E E E
ho~Hz a~7(-|@; (h)) | s~t* (h) s',0'~Pq (-|s,0,a)

_E \'/”(h~a-a’)]— ! p:
9~00 (-l (s"0) §~Po(- |4 (5.0).0) [0/~ 00 (5')

+ E E V_(h-ao)- E E E V_(h-a-0)

E
s~7"(h) §'~Py (-1 (5,0),a) o'~ (-15) $~7(h) §'~Py (-1$,a) 0'~0p (-|5)
(o0 is the last observation of h; the latent MDP dynamics, modeled by Py, come into play)

T Vs

< vy V-(h-a-0') - E \_l(h-a-é')}

7 — 7
0'~0g(-1¢:(s",0"))

- E E E E E
h~Hz a~7(-|p; (b)) [s~7*(h) s'~P(-|s,.a) 0'~O(:|s",a)

V_(h-a-6")

T

Ty

) E _E - E B
ho~Hz a~7(-|p; (h)) [s~7* (h) 5'.0'~Pa (-15,0,0) | 3~ Oy (-, (5".0")) §'~Pg (- 19 (5,0),a) |0'~0p(-15")

E E Vﬁ(h-a-o')— E E E V-(h-a-o)

Y B ~ s ~ 7
s~7 (1) §~Py (- |$,(5,0),0) 0'~0p (-5) $~T (1) §'~Py(-15,0) 0'~0p (-15)

- E E
ho~Hz a~7(-|p; (h))
(Triangular inequality)

IA

V_(h-a-0') - E V-(h-a-d)

Y T —
0'~0g(-1¢:(s,0))

- B E E E E
h~Hz a~7(-|p; (1)) |s~7* (h) s'~P(-|s,a) '~O(:|5",a)

+y- E E E
ho~Hz a~7(-|; (h)) s~7*(h)

E \_/ﬂ(h~a-o')}
0’~09(‘|§/)

E \_/”(h-a-o’)}—

E B _E
§~¢Pa(-[s.0.a) |0'~0p(-|5) §~Po (-1, (s,0).a)

E E V.(h-a-d)- E E E V

+y E (h -a- 0')
s~7*(h) §'~Py (-1 (5,0),a) o'~ (-15) $~7(h) §'~Py (-1$,a) 0'~Og(-|5)

b

- E E
ho~Hz a~7(-|p; (h))
(Jensen’s inequality)

IA

Vﬁ(h-wo')— _ E V-(h-a-0)
0'~0g(-|¢.(s',0"))

K - Wy (¢1PQ(' |'s,a),Po(- | (s, 0), a))

Y

- E E E E E
h~Hz a~7(-|p; (h)) |s~7* (h) s'~P(-|s,a) o'~O(:|s".a)

+y- E E E
ho~Hz a~7(-|@; (h)) s~7*(h)

E E Vﬁ(h-a-o')— E E E \_/E(h-wo')

+y E
s~7*(h) §'~Py (-1, (5,0),a) o'~ (-15") $~7(h) §~Py (-1$,a) 0'~Og (-|5")

- E E
ho~Hz a~7 (-|p; (h))
(as A — 0, by Lem. B.7)


https://alaworkshop2023.github.io/

Wasserstein Belief Updater ALA ’23, May 29-30, 2023, London, UK, https://alaworkshop2023.github.io/

IN

IA

IN

IA

y- E E E E E V_(h-a-0') - E V_(h-a-¢
h~Hz a~7(-|p} (B) [s~7* (h) S ~P(-|s.@) o'~O(-|s"a) | T ) &~0p(-1¢:(s,0")) ”( )
+ YKvLP
+y- E E E E E V_(h-a-od)- E E E V_(h-a-0)
ho~Hz a~7 (- @i (h)) |s~7*(h) & <Py (-|¢, (5,0),a) o’~6g(- Is") 5~7*(h) §~Py(-|5,a) 0'~6g(' Is")
(by definition of Lp, Eq. 5)
y- E E E E E V_(h-a-o') - E V_(h-a-6
h~Hz a~7(-|@f (h)) [s~7* (h) '~P(|s,a) o'~O(-|s’,a) ”( ) 6'~0g (¢ (s,0")) n( )
+ )/KvLP
+y- E _E E _E E \_/ﬁ(h'a'ol)—i E E E \_/'ﬁ(h~a~o')
ho~Hz a~7(-|o; () | |s~7* (h) §'~Py (- |¢,(5,0),a) o'~ (-|5') $~¢i (h) §~Py(-15,a) 0'~Og (-|5)
+| E E E  V-(h-a-d)- E E E V_(h-a-0)
$~¢7 (h) §'~Py(-15,a) o'~0p(-|5) $~7"(h) §'~Py(-15,a) o'~0p(-|5)
(the belief encoder ¢, comes into play)
y- E E E E E V_(h-a-o’) - E V_(h-a-o
h~Hz a~7 (- |@; (h)) |s~t* (h) s'~P(-|s,a) o'~O(-|s",a) ”( ) '~0¢ (. (s",0") n( )
+ )/KvLP
+y- E _E E _E E  V_(h-a-0o)- E E E V_(h-a-0)
ho~Hz a~7(-|; (h)) |s~7* (h) §'~Py (-|¢,(5,0),a) o'~Op (-|5) $~¢i (h) §~Py (-15,a) 0'~Og (-7')
+y- E_E _E E E V.(h-a-o)- E E E V_(h-a-0)
h~Hz a~7 (-1} (h)) |$~¢7 (h) ¥ ~Pg (-15,a) 0'~Op(-|5') $~7*(h) §'~Py (-15,a) 0'~0g (-15)
(triangular inequality)
y- E E E E E V-o(h-a-o') - E V-(h-a-0d)
h~Hz a~7(-|p} (B) [s~7* (h) S ~P(-|s.@) o'~O(-|s"a) | T ) 6'~00(-|$:(s"0")) "
+ )/K\*,LP
+y- E E E E E E V_(h-ad)|- E E V.(h-a-0)
ho~Hz a~7(-lo (k) s~* (h) S~} (h) | ~Py (-|¢,(5,0).a) [0'~Dp (-]5") §~Po(-15.a) [0'~0p(-15")
+y- E E E E E V.(h-a-d)- E E E V-(h-a-o)
h~Hz a~7 (19} () |S~¢i () §'~Py(-|5,a) 0'~Dp (-|5") $~7*(h) §'~Py (-15,a) 0'~0g(-15")
(Jensen’s inequality)
y- E E E E E V_(h-a-o’) - E V_(h-a-¢")
h~Hz a~7 (- |p; (h)) |s~7* (h) s'~P(-|s,a) o'~O(-|s'.a) [ r ~00(-1p(s:0))
+ )/K\*,LP
+y- B E B B KWy (Po( | ¢i(s.0),),Bo(- | 50))
ho~Hz a~7(-l¢; (h) s~7*(h) s~¢; (h)
+y- E E E E E V.(h-a-d)- E E E V-(h-a-o)
h~Hz a~7 (- 17 (h)) |$~¢7 () ¥ ~Pg (-15,a) 0'~Op (-|5') $~7*(h) §'~Py (-15,a) 0'~0p (-15)

(as A — 0, by Lem. B.7)
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E E E
s~7*(h) s'~P(-|s,a) o'~O(+|s",a)

y- E E V_(h-a-o') - E Vo(h-a-¢
W~z a~7 (Lo} () ( ) ( )

T —
0'~0p (-1 (s",0"))

+yKyg - (Lp +L§)

Ty E \_/ﬂ(h-mo')}

— E —
§~Py(-[5,a) 0'~O0g(-15")

_E E E  V_(h-a-0)|- E
$~¢i (h) | §'~Py(-|5,a) o'~0p(-15) s~7*(h)

- E E
h~Hz a~7(-|p; (b))
(by definition of Lg, Eq. 8)

< y-E _E E E E Vo(h-a-o)- _ E V_(h-a-d')
h~Hz a~7(-|¢; (h)) |s~7*(h) s'~P(:|s,a) o'~O(:|s'.a) "~0g (|, (s",0"))
4
+yKg - (LP +L},))
B By W F (i)
(as A — 0, by Lem. B.7; note that Wasserstein is symmetric since it is a distance metric [40])
< vy E E E E E V_(h-a-o') - E V_(h-a-0')
h~Hz a~7 (-1p; (h)) |s~7*(h) s'~P(-|s,a) o’'~O(:|s',a) "~0p (-1 (s",0"))
+yKg - (LP + Lg + L;) (by definition of Lz, Eq. 7)
= y- E E E E V_(h-a-0o)=V_(h-a-0')|+|V_-(h-a-o) - E V_(h-a-d)
ho~Hz a~7(-|g; (h)) |s~7*(h) 5',0'~Po (+]s,0,a) ( 4 & ) i #~00(-1pu(s07))
+yKg - (Lp 1! +L%)
<y E E E B [Valhoa-o)-Vy(hea o)
! ho~Hz a~7 (- |} (b)) [s~7* (h) s',0'~Pq (-|s,0,a) al )= Val )
+y- E E V-(h-a-o') - E Vo(h-a-é'
ho~Hz a~7 (-|p; (h)) [s~7* (h) §",0'~Pq (+]s,0,a) al ) 5~00 (-1 (5,0)) al )
+yKy - ( Lp + Lg + L;) (triangular inequality)
< - E E [V7h~a~o' —th'a»o’]
! ho~Hz a~7 (- |} (b)) [s~7* (h) s',0'~Pq (-|s,0,a) al )= Val )
+y- E E E E E V_(h-a-o') - E V_(h-a-0')
ho~Hz a~7(-|@; (h)) s~t*(h) s'~P(-|s,a) [0'~O(-|s’,a) "~00 (-1, (s",0"))
+yKy - (LP + Lg + L;) (Jensen’s inequality)
< - E E [V7h~a~o' —\_hh'a»o’]
4 ho~Hz a~7(-|p; (h)) [s~t*(h) s’,0’'~Pq (-|s,0,a) ”( ) ”( )
+y- E E E E Kgdry|O(-|s.a), E Og(-| (s, 0’ )
Y ho~Hz a~7(-|¢; (h)) s~t*(h) s'~P(-|s,a) v TV( ( | ) o'~s',a 9( | ¢l( ))
+YKg - (Lp + Lg + L;) (cf. Prop. B.6 and Lem B.7)
= - E E [th a-0)-V-(h-a o’]
Y ho~Hz a~7 (@} (h)) |s~7*(h) s',0'~Pq (-|s,0,a) ( ) ”( )
+yKg - (LP + Lg +Lz+ L()) (by definition of Ly, Eq. 6)
< y- E E E E Vo(h-a-0)=V-(h-a-0')|+ K7~(L +LY v - +L ) ensen’s inequalit
4 ho~Hz a~7(-|@; (h)) s~t*(h) s’,0'~Pq (+|s,0,a) ”( ) ”( ) Y P P T 0 Y ! Y)
=y B |[V.(h —\_/ﬁ(h)’ +yKy - (Lp +L0 41z +LO)

h,o~Hz

(H3 is a stationary distribution (Lem. A.1) which allows us to apply the stationary property (Def. A.4))
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Putting all together. To recap, by Part 1 and 2, we have:
B [Va(h) = V()| < Lg + L2 + R Lz 4y - JE. V() = Vo (b + v - (o + LY + 15+ Lo)
VB Vo) =T 0] 1 -y) < gL 4 Ry - (12 e+ o)

Ly +L%+7¥*L;+y1<\—,-(LP+L§+L;+L0)

JE, [V - V()| < -

which finally concludes the proof. O

B.4 Representation Quality Bound

We start by showing that the optimal latent value function is Lipschitz continuous in the latent belief space. Coupled with Theorem B.1, this
result allows to show that whenever two pairs of histories are encoded to close representations, their values (i.e., the return obtained from that
history points) are guaranteed to be close as well whenever the losses introduced in Sec. 3.2 are minimized and go to zero.

LEmMMA B.8. The optimal latent value function, given by maxz« \_/7? (Z_J) =V (l_r) for any beliefl_r €8, is ﬁ*/l—y—Lipschitz as the temperature
parameter of the WAE-MDP A goes to 0.

Proor. To prove this claim, we consider the dynamic programming value sequence V, (s) = maxge # Q,(s,a) so that Q, ., (s,a) =
R(s,a) + Es'~p(-|s,a) [y maxg e Qn (s, a’)], proven to converge to V*(s) as n — oo (e.g., [37]), for any initial g-value Q;(s,a) € R, and
MDP M with state and action spaces S and A. We show by recursion that all sequences of such latent values for the latent belief MDP /\_/lg
are all Kj,-Lipchitz, for any n > 0 and some K,, > 0. We further prove that lim, e K, = %' Set QO (I_J a) =0forallb € B, clearly Ky = 0.

0.(0)-0,(5]
a€A,bi#b, (Wd(l;lagz)

‘énﬂ (1_71’ a) - §n+1 (132> a)|

Assume now that K, = sup . Then, we have

Kn+1=  sup —
acAby#b, W; (bl, bz)
‘ﬁ@(i)l, a) - Rz (b2, a) b~y 15ra) 0n(#'.a) - by hna) 0n(#".a)
< sup — +y- sup — (triangular inequality)
acA,b1#b; Wy (bl, bz) aeA,b1#b; Wy (bl, bz)

Now, observe that ‘ﬁg (I_Jl a) - ﬁg (132 a)‘ = |E§~1§1 ﬁg(s’, a) — E§~Bz ﬁg(s’, a)‘ < ﬁ*(WJ (1_91 132) as A — 0 (see Property B.6). Therefore,

sup )ﬁg(l_n,a) _ ﬁg (1_72,61)) +y-  sup EE,N%('@““) Q,,(l_;', a) - EE'N?z?('IEz,a) é”(l;/’ a)

acA,bi#b; Wy (51, 52) acAbi#b; Wy (51,52)

Sﬁ*+y- sup

a€A,b1#b; W (51, 52)
—x (WJ (IBE( | Bl,a),l_’ﬁ . | l_)z, a)) _
<R +yK,- sup — (by induction, Q,, is Kp-Lipschitz and by Prop. B.6)
aEﬂ,El¢i72 (Wd (bl’ bZ
By definition,
Wy (P5(- 1510}z (- 1b2a)) = sup | B = E B f#)-E E E B f() 2

feF |5~b1 §'~Po(-15.a) 0'~O0 (-15") §'~f(l;1,a,o’) §~bz §'~Pg(-|5,a) 0'~00 (-15") §'~?(Ez,a,o')
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Let f* be the 1-Lipschitz function that meets the supremum of Eq. 12 and define the next 1-Lipschitz belief operator 7: 8 — 7';1 as
7(b)=E E E Ef5#)
555 ~Po(15.0) 0'~00 (¥) 5'~7(baor)
Therefore, the Wasserstein distance between the two latent belief transition functions can be rewritten as:

w; (Pg( | l;l,a),f_’g(- | I;z,a))

"z TlE)-E )
Wy, (551, 552) (since 7~ is 1-Lipschitz)
=Wy (b1.B2)

Back to our induction proof, we have

Kn+1 <R* +yKn - sup Wa (l_)?(' | El"j)’lﬁg(' | ba, a))
acA,bi#b, W; (51,52)

| )
<R +yK,- sup ——
aeAbizb, Wy (bl, bz)

Sl

w; (131,

Sﬁ* +yKn
n—1

<SR +y"Ko

=0

—* —_ - —_ -
We are thus left with a geometric serie that converges to f_—Y = Ky as n goes to . To conclude, we thus have )V* (bl) -V* (b2)| <

KV‘VVJ (1_71 l_iz) for any 1_71, l;z €B. O

THEOREM B.9. Let 7* be the optimal policy of the POMDP P, then for any couple of histories hy, hy € (A - Q)* mapped to latent beliefs
through @] (h1) = by and ¢; (h2) = by, the belief representation induced by ¢, yields:

Lg+L%+ (Kv + ﬁ*)L; +yKy - (Lp 1+ LO)

[V () = V. (o) < Kg Wy (b1, o) + (H2 () + HZ ()

l-y
when the WAE-MDP temperature A goes to 0.

Proor. First, observe that for any history h € (A - Q)%,
we have:

Vo () =V ()| < HE () - B,

Vo (W) =V (W)

(cf. [15]). Therefore,

[V (h1) = V.. (h2)]
=V () = T () + V. () = Vi () + Vi (o) = Vi ()|
< )vﬁ* (h) - V.. (h1)| + (\75* (h) = V. (hz)‘ + )\77{* (h) = V... (h2)| (triangular inequality)

SH )| B Vi) =V ] [V ) = Vi )+ H ) B (Vi ) = V)

Lg +L%+7€*L;+ﬂ<\7 : (LP+L§+L;+LO)

<[V (h) = Vo ()| + (H2 () + 1 () (Thm 3.3)

I-y
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. . * S g — * R(S . — — \V, . .o’
Define the Bellman operator B: (A - Q)" X S, (h,$) = Egz+(-|or () |R(5. @) +y E§’~P(»|s’,a) Eo’~0(~|§’) V.. (h-a-0")|, then
V-.(h1) = V. (h2)

=| E BMhud- E B(hj)

§~7*(hy) §~7*(hz)
<| E B(h,s)- E Bhy,s)|+| E Bhy,s)— E B(hy,s)|+| E B(hy,s)— E B(hyS)
§~7*(hy) s~y (h1) s~ (hy s~@; (hy 5~7*(hs) s~¢; (hy

(triangular inequality)

o (o) - (o) |

IA

E B(hy,s)— E B(has)
$~7*(h2) s~¢/ (h2)

E B(h,s)- E B(hys)
$~7*(h) s~/ (h)

<K (Wy (7 (). 07 (1)) + Wy (7 (ha). o () + |7 (B1) = V(B (as A — 0, by Lem. B.7)
<Ky (2 () + He k)| B Wy (ko () + [V () - V7 @]

<Ky (w,;} (hy) +H! (hz))L; + | (131) -V (132)‘ (by definition of Lz, Eq. 7)
<K (HE2 () + HZ! (he) | Lz + Ky W (b1, bo) (Lem. B.8)

Putting all together, we have:

L +L%+ ((1 — DKy + ﬁ*)L; +yKg - (Lp +L 41z +L0)

Vo) =Vau(h)| < KyWy(buba) + - (H52 (h) + 21 (h2)
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